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4esign. :n ccI t i nim n te . t e

vibrations by sti'ffen nc- moving carts is normally not the

3 -, 4-Mum -o . since s :sua- •, aJJs tc -he mass Df -he

system. With greater demands to increase performance, lower

thrust to weight ratios can not be tolerated as a primary

means of controlling amplitudes of vibrations in aircraft

structures.

Problems in aircraft propulsion systems are further

exacerbated by the hoscile environment. The compressor are,

turbine blades generate extremely high centrifugal stresses.

The turbine blades, in addition, must operate at temperatures

ranging from 1500*F to 19000F with accompanying thermal grad-

ient stresses.

The purpose of the study was to explore the concept of

introducing a viscoelastic material at the root of a turbine/

compressor blade as a means of damping vibratory oscillations.

The avenues to this exploration were an experimental and an

analytical model of the blade along with a comparison and

analysis of these models.



The derivation of an equation of motion satisfying par-

ticular boundary conditions was the main objective of the

analytical section. The turbine/compressor blade was modeled

as a modified cantilever beam with a torsional spring and

viscous dameer at the root to reoresent the 4:ampin. g material',

and a t c masa wit - -e -7"l e-

account for the shaker stiffness and the mass tf the shaker,

force gauge, linkage and accelerometer. The sol-.tion cf the

resulting eigenvalue roblem was used to predict the resonant

re.ue...... i c the blade.

The ex.erimental model wias used to ::m=areresuls

meas-u re n2 in thne - te

ne reu- ,' z:st wh rio uc ss thez  oam et. ler o et e:as ur

an d hi :ness mibraticn a:-,... -e -and ..... e

cressures et the base :.-e -e e.

using a ocomercially availal dancing ria

coelastic -a-eria_ '-as ?ertain req7uency and temperature

ranges where losses reach a maximum. onsequently, a certain

material can be chosen to fit a particular apolioation. f

viscoelastic damping at the blade root proves feasible,

further studies employing materials usable at engine oper-

ating temperatures should be pursued. It is already well

known that vitreous materials have high loss factors that

can be employed to considerably reduce resonant vibratory

energy CRef 1). Such materials may be desirable in this

application.

2
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,'is:.easz:: -. aeria and The -:ery zarr_:w -z.: ce-ween -h.e

Ci;etai- and t-e mc!-A, insetfir. -he -. une r2: -h rocn:

add 3..a. ear- nce, e daze 1as f inser- n o

shows the spring beam -ha- was alibrated .o crovide The

3ontacz pressure that also acted 7: simulate -he rif-_a2

forces ievelooed in a rotating Jet engine. :he ?alibration

of this beam is outlined in Appendix A.

The viscoelastic material used in the experiment was

TSD 112. :t was chosen because it has peak damping proper-

ties at ambient temperatures and at frequencies between 12

and 10 cycles per second which were the test conditions.
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Table 1, an extract from reference 8, lists the actual

properties of the material used in the tests.

Table 2 delineates the properties of the blade and the

dovetail root.

The mass and stiffness of the shaker were determined

experimentally as delineated in Appendix 3.

Test Set-Up

A schematic diagram of the test set-up is shown in Figure

1. The shaker exciter was a MB Vibration test equipment model

T122133. This was used to vary the frequency and amplitude

of the sinusoidal signal from the shaker. The frecuency was

monitored using a Computer Measurements freqency counter,

model 726C. The shaker, an MB model 'C, was used to simulate

Ca sinusoidal tin loading that would represent the periodic

force on a turbine/compressor blade. A ?CB force transducer

model 208A03 serial number 1934 was mounted in series with the

vibrator linkage. For this device, "he vendDr supplied the

calibration factor of 11.6 millivolts per pound. The trans-

ducer output (see figures 2 and a) was then amplified by the

variable gain PCB amplifier model 48CC06 power unit. The

accelerometer (see figures 3 and 4) was a PCB model 303A serial

number 2066 with a calibration factor of 14.3 millivolts per

g that was also supplied by the vendor. It too was amplified

by a similar PCB power unit. Both the force gauge and the

accelerometer outputs were measured using a Tektronix oscillo-

scope model 535A. The copper constantan thermocouple was spot

welded to the blade mount in the vicinity of the elastomer

9
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* .32 120 262 2''-*

1.686 E+06 242 1.0755 18.3 352.4

2.973 E+C6 426 .0867 18.3 194.3

9.622 E+05 138 1.1203 24 .. 31.

1.494 E+06 214 1.1685 24.4 797.4

1.939 E+06 279 1.3745 24.4 1488.4

8.182 E+05 117 1.0131 29.4 304.4

1.328 E406 190 1.0873 29.4 792.1

1.809 E+06 259 1.1978 29.4 1471.1

5.454 E+05 78 .8981 37.3 284.3

7.361 E+05 106 1.1351 37.8 733.9

TABLE 1

to
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!ILAD-E AND DOVETAIL PROPERTIES

Blade and Dovetail Material Inconel-X

Modulus of Elasticity 3116 bi 2

Blade area Moment of Inertia 0.001373 in4

Blade Mass 0.003905 1b-sec2-in

Dovetail Mass 0.000719 lb-sec2-in

Total Mass 0.004624 lb-sec2-in

Blade Mass Moment of Inertia

about ooint " (see flgr4)0,1402 lb-sec2 _in

Dovetail ',ass Moment of inertia

about point 0 0.00001975 1b-sec 2-in

Total Mass Moment of Inertia

about point c 0. 14021975 lb-sec2 -in

TABLE 2



-'ackard -:zia e' e. .-.el A e I

was measured usin a 3aertener mirroscoce .uber -e

,no model number listed), with a man-f'cation f.acz3r f C

Test Procedure

For each freouenc - Sweec, the splacement -at- :

the blade was held constant by setting the appropriate ac-

celeration as determined in step 5. The strain gauges on the

spring beam were calibrated as outlined in Appendix A. Data

were collected for these displacements using the following

procedure:

1. The elastomer was olaced on the blade root.

2. The blade was then aligned inside the blade mount

and raised into place using the set screw on the spring beam.

The set screw was adjusted to give the proper thickness as

monitored on the microscope. When this thickness was obtained,

the strain gauge voltage measurements were recorded and from

this, the contacting force was determined and the contacting

pressure was calculated. The accelerometer and the shaker

linkage were then connected to the blade tip.

3. The temperature at the blade root was recorded using

12
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the -":er'moczucle and the termerat'_ re disclay.

--be f'irst Jisplacement 2z2-r a Jata run waz se.

:n 7o~- :: nsl.re :'-a: 'reno slf n:c_ : n

-3nta~t s-rfa ces was :hla r'elati-;el-: snal nxi

___ ws :-r

z'a---- - - - - - - -

thickness the maximum tip displacement :se Li. the test wgas
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usinh >: -nnff e r.... blaJe .. a was .er-or-me. The

:en The technicue were de'eired in a previous AFIT

':esis b- >act 2-ael "ef -. h s

dlade had a root of ne inch diameter and it did

nc: have -he 1,--2 inch clearances on each side. Essentially,

since shere was no scoelastic macerial sandwiched between

-'e blade rcot and The ncunt, t'he rcct f4t snufly into the

mount and the damping present was due to friction. A fre-

quency sweep between 24C crs and cps was performed in

increments of ten cps. The amplitude of vibrations was set

to PC inches and the clandin forc e was p ounds.

Data and Discussion

The data that were collected are 3resented as clots of

frequency of vibrations versus force required to keep the

amplitude of vibrations constant. The frequency versus force

divided by frequency is also plotted for reasons given below.

7n theory, as a system approaches vibrations near a resonant

frequency, the force required to maintain a constant amplltude

approaches zero. 7n actuality, of course, all physical systems

oossess some damning; therefore, the force only drops to some

minimum value at resonance.

Two important phenomena are important to discern in these

plots. The first, as just mentioned, is the decrease in force

at resonant frequencies. Dn the clots of frequency versus

force, these points are easily recognized.

The second phenomenon to observe is the flatness of the

resronse over a LIven bandwidth near a resonant frequency.

"" .. ."h. ' , • . .. . . .
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- ., - -- . -. . - - a - + - -- , - + - _ 
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-

{5 "- s-nte -r e : - :zarse seeen s, s -bee In -hef:

zrobable -resonant fre-uencies f n a r elati ely 1 - - rge

freec7es. Two ia , rns .i.ere :erf're s --_ - -

elastomer samples. Analytical predictions of the resonant

frequencies are discussed in section 111. Values for the

first three resonant frequencies were found to be 26. 2 ops,

258.3 cps, and 764.3 cps respectively. The first analytically

predicted resonance was not discernible even with smaller

frequency increments of 5 cps in this range. For both data

runs, there was an apparent second resonant frequency at

approximately 255-260 cps. The third resonant frequency was

measured at "75 cps and 850 cs. The reproducibility of the

data for each data run was quite good for the second resonant

frequency and only fair for the third resonant frequency.

Figure 10 summarizes these broadband sweeps plotted on a

lg-3rithmic frequency scale and a logrithmic scale of Force

divided by frequency times displacement.

The regio,, near the second resonant frequency of 255-260

15



cps was chosen to investigate in greater detail by performing

frequency sweeps with increments of 5 cps,

Figures 11, 13, 15 and 17 display the characteristic

dip in force at resonant frequencies of 215-260 cps for dis-

placements of ?u inches and l10O inches. Fu thermo re
..... 1274
_g'ures 12, 4, 6 and 1 show the relative flatness of these

responses at resonances for the same displacements.

in addition, figures 19 and 2C are plots of resconses

using friction damping obtained at frequency increments of

ten acs. These zlots are oresented. in o -rder toD make a tuali-

tative comparison 3 ... : oeastio damscina to frictio.n da'.inr.

3ycomparing fgures ii -ough ! h .

the "4ise s resconses are shown to cc some-

S t th the friction damped res..nse, in. at .n

that the elastomer is a more effective Jamznn n- macnanfsm. :he

frizr _n damced system hat a resonance at 2 -- os and t- e re-

scnan- f ,' ncy o the visseaso i :sm was 7 :s. :he

highe r resonant frequency for the fristion case is not sur-

prsing since this is a stiffer system -han the one wth ,he

elastomer sandwiched in at the blade root.

The following is a list of other pertinent lata that

were collected during each data run:

Run 1 Run 2

Average elastomer thickness .00414 inches .0050 inches
Temperature of blade root 770? 760F
Contact force at blade root 7.2 lbs 4 lbs
Contact pressure at blade root 1.8 lbs/in 2  1 lb,ln 2

The area used to calculate the above contact pressure was

determined using the arc length of the dovetail minus the

16
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:naterial (Ref 2). The first is the fractional derivative

technique. With -his method, a derivative of order between

zero and one is used in -he differential equation of motion.

7he ma:nitude of the derlvatlve is determined by the fre-

quency detendence cf the da..min properties. The strongly

denenden: ma-ter als -ave a derivative near the first o) r er

and -.he weakly depend4en: elastomers w.ould atoroach the zero

order derivative. In- ad.vantae of this aporoach is that

it can be used to model nonsinusoidal and transient excita-

tions. However, it is mathematically more difficult than

the other approach using the complex modulus.

Mathematical simplicity was the impetus for choosing the

comnlex modulus to model the elastomer properties in this

analysis. ,ith this approach, the modulus used in the stress-

strain relationship has two components: one real and one

imaginary. it is written as follows:

(E 1 + iE 2 ) Cl)

iE7) is the imaginary part or loss modulas and contains

the denendence of the damping on the velocity, or the fre-

,uency of the -ribrations. The following is an alternative

:rm where n is the ratio of - and Ecalled the loss factor:

= (1 + in) -(2)

This model can only be used with pure sine wave excitations.

-oun-dary Zndltions at the Root

Tc determine the boundary conditIon at the root of thc

15



blade, "see ?i_ -12: moment at that coint must be examined.

Since the iamping material will be stressed with a shearing

force, the above tensile modulus must be changed to the

e....ing modulus. Then, as a result,

4- - xR _ 3

where

-i = slope of the beam at the root junction, and (4)'X

+ in) (5)

2
- complex shear modulus (Ib/in

consequently the moment is "

M t(R a W)R= R2 L W C (6)

c + in) y  (See Fig ') (7)

where

R = radius :f blade root (inches)

c = 2R D W (inches

W = width of blade (inches)

3eam Eouation

The classical cantilever beam equation is as follows

(Ref 3):

E1 J + 2"

* 4b ;t~

i
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.)-:: = I.- :-- + 2 23 L 3

34 cosh sx) sin 2 a t

:vhere

= frequency of the response in radians per second, and

2
a - /a (ll)

3oundary Conditions

Figure 22 delineates the boundary conditions of a modi-

fied cantilever beam. The bottom mass and stiffness at the

tip represent the shaker and part of the linkage and force

gauge. This is the source of the sinusoidal displacement.

The top mass represents the remainder of the force gauge,

linkage and accelerometer. The torsional spring and viscous

iamper at the root model the moment produced by the 2hearing

force of the elastomer.
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Consequently, the boundary conditions are:

(1) y(0,t) = 2

(2) EI'4 Ot (+ '+,t)

(3) : (L,t = 0

4) 'T (L,t) - '4 y L, - k (, "

From boundary condition (1)

B4 = 3

From boundary condition (2)

E2 + B 4 
2 ) = G!(I + i- [ B + EA

let ? - j (1 + ir,)
t I

and substituting B = -B then
42)

EI(2B 4) =P(B 1 + B3 or

P (B + B3)

4= 2EI8 ' 1 3

From boundary condition (3),

l2 2 g2

EI(-Ba sin8L - 2 cosaL + B3 sinhBL +

B32 cosh8L) = 2

Using previous substitutions and rearranging

B [ p2I8 (cos$L + coshaL) + sinhsL] =

2EI a



B, - 2E ' (2oSa7 + -losh",6L)J

ltQ =- (cosaL + cosh -2, + sinhB~L

let R =sin6L ~ sL + cosh L)

then 3-, = B (R/Q)

From boundary condition ('4)

.J' (L,t) - M5 y(L,t) -k yLt C

where = " 2y a, te

Ei-, IacosaL + BI25sinaL + 3 o osh L +

3 2 12

Bcos sL + B 3 sinhBL +3B4 coshWL = 0

Using previous substitutions yields

cos$L - (B~ + B (R/Q)Q8 sin L +

31 (/)
3 ohL+ 2EI (B 1 RQ) ihL

3 1

+ [Ms. 3'a) - ks] (%B, sinaL - 'Bl + B(RQ)

(R/f) sinho'L

cosSL + B HIS ~ + 13 (R/\)

coshBL) 0
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- - - si + - a - -k

2SinL S - "L S i.-

This nrobem was solved using an iterative technique

delineated in Appendix C. Essentially, the technique onsists

of estimating a range of values for -he real part of the

eigenvalue and then incrementing the real part throughout this

range searching for values of the function that are decreasing.

When the function is minimized (idealy it would be equal to

zero) the resulting real part of the eigenvalue is used to

repeat the above procedure searching for the real and -ima-

ginary parts of the roots to the equation. In this case,

the search range is determined for the 2omplex part of the

root.

One difficulty with this approach is that the resulting

minimum value over a given range may not be an actual root

of the equation. To overcome this difficulty, an order of

magnitude analysis of each minimum, along with a comparison

of eigenvalues of a pure cantilever beam, can be used to

eliminate false roots.



-here are -2anned -:rograms avalabl that will Aterate roots

of an euatlcn. .owever, since :he roots were 3omp'ex, i.e. two

dimensional, these preorams were not :sed.

F e s,,'_1- s

:he 7oll 4_..- were the resu's of the aove crczram for the

=, ... . r.s i-,i iu.

': D - , -4 ,n;7om~iex ?reo. 2.3, l.9'cns; 1 _i7r;r =2.1:
*-c,9-4,. " 'In.; crClex Fret "64.9,37 4'cs;. r l 4  l

n -' chis 3ase, th'e- mass and stiffness 'of 'he shaker were removed

alonz witc cart of the llnkage mass. The remaining mass was

7. 72lZ Ibs - sec,,'-n, attributed to the linkage past the force

-- one h.alf the force zgauge mass and the accelerometer mass.

-he reason for including this mass in the configuration is that

at resonance, the force should be at zero. Consequently, the

mass and stiffness of the shaker along with cart of the linkage

was removed from the circuit. With these eigenvalues, the re-

sulting frequencies were calculated using equation 11 and a/!L2

The following is a list of the 7alues of the other parameters

that entered into the equation for the frequencies:

. /) + 1 jr4 1+2 + 6.30) for31(10 ), C.CI3137? 2

PL -. 6368,'.704<(13 + i 250) i'.5)

=~ ~~~~~ .. . .. a .5+ 62)fr
E1l7(10)6(.C 033) .*-,+,.~

PL __ 66/.C0a1)(21 + i 250) _ (97 + l 0.2'4) for

31(0) .01373)

Asa = = 7.001 '

.42



SS L3  0 =7'- 31(_10) 0 (0.001373

A comparison of the analytical and experimental results is as

f.llows:

Resonant Anaytical R, ...ental
Frequency 7 e ricn :.Teasurement _

Second Run 1 258 255 1.i

3econd Run 2 253 260 neg-11ible
Uhird Run 1 764 775 1.4

27,4 -5

n;?i~: e~ -3:,es e rc:e t , Ze ~rcci ly

- . . . - - .. ZC -n. 2 t * t 11 S 2

"- : j . . . .. . . . .. . . . . .. 1 .

4- 
+

o. -Y']

_s the mass -aoment of inertia about the blade Jo-etal

root made up of the mass of the blade and the tip mass des-

cribed in the Previous section. This tio mass is treated as

a point mass; hence, the mass moment of, inertia about Its own

center of 7ra-:ity is ignored. In short, : o is calculated as

follows:
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IM -1 L 3 + MCL I'

2
= o.1348 I - seC 7:n

Here ~ne momen of inertia -The c%-"ea"l has been igored.

The moment at the blade root is similar .o equat'on 6

but for tie rigid body mode is replaced Hencethe- 3xf.

the real art 3f the natural ..- uency 2-r e-uation 12). is

calculated as follows:

2

.qer e .c. = lb./irn in his "'r...... . - t--

frecu,_ency is as follows:

S196.5 rad/sec

ince this frequency Is 3lzse -othe one oredI:ed in -he beam
equation analysis -26.2 cps - it does not explain .- hy t could

not be found experimentally as a resonance

As a final attempt to explain this enigma, an analytical

prediction of the response was examined. The hypothesis was

that if the damping in the rigid body mode was sufficiently

heavy, then the dip in force at resonance ma.? not be discern-

ible. The analysis showed that this resonance should de-
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per7oo required o o ec, ne -a~a run, -he -hermrccouzle

read-- was :-served -. ,ary - -o 1 -

tioned above. There are te i loss factors Dlo.ed

to account for the temperature varati.ons '--r 'o-t 'he second

and third resonant frequencies. The data used for this ccmpar-

ison are as follows:

Loss Modulus Temperature Frequency
Factor (lbs/in2 ) 0C (CPS)

nI = 1.1203 138 24.4 315.1

2= 1.0131 117 29.4 304.4

= .8981 78 37.8 284.3

In addition, the elastomer thickness was varied from 0.003

to 0.005 inches. The abcissa is scaled to the magnitude of

the complex modulus divided by the thickness.

Figure 25 shows that over the entire range of tempera-

tures and thicknesses the predicted resulting frequency vari-

ation is less than 13%. Figure 26 shows that at the higher

frequencies this error is reduced to less than 7%. In sum-

mary, variations in the above parameters will probably not

cause large discrepancies in the results of the experiment.

1L9
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V Conclusion

In conclusion, viscoelastic materials appear promising

as an effective vibration damper for turbine and compressor

blades. Presently, most turbine engines use friction damping

at the blade root of the turbine and compressor blades. By

qualitatively comparing the flatness of response curves at

resonance for friction and viscoelastic damping, the latter

was found to have a flatter response. Hence, it appears to

be a more effective damping mechanism. However, before this

application can come to fruition, more research must be per-

formed. Important questions must be answered. Q'uestions such

as, (1) "is the increased complexity of a viscoelastic blade

root material overcome by the benefits of improved vibration

damcing?" and (2) "Can a design be f"ormulated which is ser-

vicable in the adverse environment?"

SInally, this was intended -o be a cre..m4 na ry styi.

During the course of the study three otiher observations were

made as follows:

(1) holding disolacement constant while measuring the

force is a feasible approach

(2) even though the analytical model is sensitive to tip

mass, such a model can be made that correlates with experi-

mental data at selected points

(3) if higher displacements had been used at the first

resonant frequency the force measurements may have been greater

than the noise level.
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34 27 is a oiot off the resuiting ca1ibration :urve. The

resistor tolerances were not balanced out in the Wheatstone

bridge; hence, as seen on the curve there is a voltage outzut

with no applied force to the beam.
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F is a known force

D is a displacement

The procedure consisted of positioning the shaker so

that the core motion was vertical. A known dead weight was

balanced on the tip of the element and the displacement was

measured with the Gaertner microscope, so that a stiffness

could be computed.

Next, an accelerometer was mounted on the tip of the

element. Using an appropriate amplifier, the accelerometer

output was connected to a brush recorder model RD 2522 20.

The shaker was given a brisk impulse and the output of the

oscillations were recorded on the Brush recorder. With the

recorded calibrated time axis, the fundamental frequency of

oscillation was determined. Then using using the formula:

k
P1 2
Wn
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where

Wn is the natural frequency

k is the stiffness determined above

4 ' is the mass of the shaker, connecting

bolt and accelerometer

the moving mass of the shaker with the accelerometer and

connecting bolt was calculated from the formula and the mea-

sured stiffness. The accelerometer was weighed and its mass

was substracted from the calculated total. Since the con-

necting bolt remained on the shaker for all the experimental

tests, its mass was not subtracted from the total. The

resulting values are as follpws:

k = 11.54 lb/in

W= 11.5 cps = 72.26 rad/secn

M = M ' - accelerometer mass
S s

- 0.002048 lb-sec 2/in

...... ... ._. . ... - ..... ............... ,. * ... .- "..... -. •



the eigenvalues for the ecuation o-f -otion. The thknes

rn zha c'~ re 2 -

:o facili ate sensii-;iy analyses. rhe tioncreens

ana elgenvalue ranges are inzu, :ntera,3i-_,e o insuire That

:he oroqram onveres to each '.value ho- - -r

any.

In -he first half of the program, the imaginary parts

of the complex arguments are set to zero to obtain a rough

estimate of the real part of the eigenvalue. With this es-

timate, the second part of the program iterates on both the

real and imaginary parts of the actual eigenvalue. Then, the

range of the eigenvalue estimate is increased and the above

procedure is repeated for the next eigenvalue.

PROGRAM EQROOT
C THIS PROGRAM IS DESIGNED TO ITERATE TO SOLUTIONS OF THE
C EIGENVALUE PROBLEM RESULTING FROM THE EQUATION OF
C MOTION IN THE ANALYTICAL SECTION

REAL Gl,G2,C,T,L,M,K,J,F1,F2,F3,F4,X1,X2
COMPLEX Z,Z1,B,D,F,W
COMMON GI,G2,C,T,L,M,K,J,A,ZI,W
Zl=(0.0,1.0)
C=(2.5)*(0.496**3.0)*(2.25l4)

C C IS THE CONSTANT FROM EQUATION 7
L=0.5

C L IS THE LENGTH OF THE BLADE
M=0.002458

C M IS THE MASS OF THE SHAKER, LINKAGE, FORCE GAUGE AND
C ACCELEROMETER

K=lI.514
C K IS THE STIFFNESS OF THE SHAKER

J31(10.0"6)*(0.001373)
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C Xl IS THE UPPE-R LIIT OF THE REAL ?ART JOF THE E3E=,TA7UE
iEAD*,X1

F2=REAL(F(3)
7F(Fl**2.0. 3E.F2**2)THEN
30 TO 10
E ND -7
3=B-2*D
IF- (REAL(1D).LT.O.0OO1)THEN
'JO TO 20
E'ND -F

GO TO 10
20 PRINT*,?l

?RIINT* I3 =I,

?RINT*)1,;1P2=' 1 1
C THE ESTIMATE DF THE REAL PART OF THE EIGENVALUE

C IS USED TO ITERATE BELOW ON THE COMPLEX ARGUMENT OF
C THE EIGENVALUE

?DRINT*, '=?f
READ*',B
PRINT*, 'D=t
READ *D
PPJNT*, '(2-'
READ*,X2

C X2 IS THE UPPER RANGE OF THE COMPLEX ?ART OF THE
C IGENVALUE

30 I.F(AIMAG(B).LE.X2)THEN
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7ur 72. 00I-

- +'*7 ,7 **: -7'*

7: 4
7,D

3=B-2.0*(REAL(D))

;q=(A*B**2.o '/(2.0*- .146)
?RINT*, 'W=' W
?RINT*, 'P1=' ,Fl
PRINT*,'F2=' ,F2
PRINT*,?F3=fF73
PRINT*,'F4=?,F4j END IF
IND

COMPLEX FUNCTION P(Z)
C THIS FUNCTION COMPUTES A VALUE FOR THE EQUATION OF

.1 MOTION THAT SHOULD CONVERGE TO ZERO TO SOLVE THE
I EIU'ENVALUE PROBLEM

COMMON Gl,G-2,C,T,L,Y,K,J,A,Z1,W
COMPLEX Z,Z1,3,W,Y
REAL 31l,3-2,C,T,L,M,K,J,A,D,X
COMPLEX P,R,Q
Z=Z*L
?= (C/T) * (G1'+Zl*G2)
R=CSIN(Z)-(CCOS(Z)+CCOSH(Z))*(?/(\2.0*j*(Z/L))'
Q=CSINH(Z)+(CCOS(Z)+CCOSH(Z))*(?/(2.O*J*(Z/L2/)
F=-CCOS(Z)-(P/(2.O*J*(Z7/L)) )*('1.0+R/Q)*CSIN Z)
*+(R/;%)*CCOSH(Z)+(?/C2.0*j*(Z/L)))*(1.0+R/Q)*CSINH(Z7,)
*+(1O0/(J*(Z/L)**3O0))*(M*(A*(Z/L)**20)**2.0
*-K)*(CSIN(Z)-.(P/(20*J*(Z/L)))*(1.O+R/Q)*CCOS(Z)+
*(R/Q)*CSINH(Z)+(.P/(2.0*J*(Z/L)))*(1.O+R/Q)*CCOSH(Z))
Z=Z/L
END
COMPLEX FUNCTION CSINH(Z)

C THIS FUNCTION COMPUTES A V1ALUE FOR THE COMPLEX
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Appendix D

.'

Response Analysls of Rgd 
dMode

The equation of motion for a rigid 
body with viscous

damping and harmonic excitation 
is as follows (Ref 4):

-y + k(I + Iy) y(t = Axe

Assumin.2~lg y = ?ei -' cos wt + Bi sin wt

then

-- Bme + k(l + iy) Beiwt ket

or

Ak A.
2 2

k(l + iY) -w m 1 + iy -W (m/k)

but 2 . therefore

n

A

1 + iY - W2

n

The amplitude of the steady 
state displacement is

=B

then ~I

lYl 2 2 2 2 1/2

(W (,W2W
+ y 2 ((1 - + Y

-N,

; 06 5

I ' "' .. .. .... ... . ... ... Mi .. ... ...... .. ... .... .... |... .... -' .. .. '"' n 
"* ' "

. ... - '



In order to match the physics of the turbine blade pro-

blem, equation (13) should be

i + 3, (c/t)(l + iy) 0 M(t) = F Leit

O 0

but, the following parameters 2an be substituted:

y L

k 3 ( /t )

0

.2
Ak = F

Y0 

-

3onsequently, equation (14) can be written as

lC/t) 1 2/n22 ) 21/2 wFo L 2  W / W n + n- ly J 1

Figure 30 is a plot of F versus w for frequencies be-
0

tween 10 Cps and 50 cps. The following values were used in

equation 15 when determining the values of Fo:

= 43 lb/in
2

x = 150 4 inches

n =.5

Wn = 31.26 cps
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